The computation of 3-D magnetic fields is a demanding task in the analysis of electrical machines and other electromagnetic devices. In this context, integral field calculation provides a smooth solution, high precision and resolution, "on-demand"-calculation, and an origin-based formulation of the magnetic field and the magnetic vector potential. However, conventional elliptic methods lead to huge parallelizable computing efforts and significant errors. In this article, a 3-D generic current-carrying arc segment with rectangular cross section is studied. A new analytic formulation is proposed to speed up the computation of magnetic fields and reduce the error by more than three orders of magnitude. In addition, the proposed magnetic vector potential expression has a similar accuracy as numerical integration. In fact, a significant reduction of the error level has been showcased clearly with respect to the existing approaches. This article is promising for improving the design methodology and optimization of large superconducting dipole magnets or arched end-winding geometries of large electrical machines.
NOMENCLATURE
The nomenclature of this article is adopted from common terminology [7] , where the variables are defined in the following: 1) ϕ 1 , ϕ 2 , φ = ϕ − ϕ, and α [defined in (14) ] are angles [rad]. 2) r 1 , r 2 , r, and r are radial distances [m] .
3) γ = z − z, z 1 , z 2 , z, and z are axial distances [m] . 4) H (magnetic field) is the H-field in this article [A/m].
5)
B (magnetic-flux density) is B-field in this article [T].
6)
A (magnetic vector potential) is the A-field in this article [Wb/m]. Fig. 1 defines the quantities and subscripts geometrically. The integration domain is not mentioned explicitly and ranges from r = r 1 to r = r 2 for the integration along the radial component, from ϕ = ϕ 1 to ϕ = ϕ 2 for the integration along the tangential component, and from z = z 1 and z = z 2 for the integration along the axial component.
The cylindrical coordinates z, r, and ϕ are the global coordinate system, whereas z , r , and ϕ are used as the source coordinate system when deriving the integral equations.
I. INTRODUCTION
T HE calculation of complex 3-D H-fields from currentcarrying conductors is conventionally done in the finiteelement (FE) environment. Arced current-carrying bodies appear in 3-D geometries, such as coils of electromagnetic devices, winding overhangs (end-windings) of electrical machines, or supra-conductive coils, in particular. Recently, Manuscript received June 11, 2019; revised September 9, 2019 and October 31, 2019; accepted November 3, 2019. Date of current version January 20, 2020. Corresponding author: F. Maurer (e-mail: frederic.maurer@me.com).
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Digital Object Identifier 10.1109/TMAG. 2019.2952078 analytic calculations experienced a comeback in several publications related to superconducting shim coil [1] or mutual inductance and force calculation for circular coils with rectangular cross section [2] - [4] . Mostly, the integral method is used in combination with geometry optimization problems in coil and winding design areas. Moreover, this method can also serve as a pre-calculation of the electric vector potential T 0 for magneto-static (also called T 0-ψ) or magneto-dynamic (also called T 0-T -ψ) FE problems, for which ψ is the reduced potential and T is the electric vector potential associated with eddy currents [5] . Moreover, in the case of large synchronous generators (spanning from a stator bore diameter of 2.0-18.0 m), the simulation model can cover up to half of the whole machine geometry. As a result, an unmanageable mesh size is needed. In comparison, a 700 MB RAM memory is needed for a complete overhang model of a 12-pole, 4.3 m bore diameter electrical machine modeled using the integral method. Many numerical-analytic formulations of 3-D H-fields were proposed in the time span from approximately 70 to 90 s. However, over time, they were inevitably substituted by the FE methodology. The main reason lies in their main drawbacks, i.e., they need the numerical evaluation of elliptic integrals of the first, second, and third kinds, which were, in fact, very time-consuming until a breakthrough made in 2009 by Fukushima [6] . Moreover, floating-point operations are extensive and not easily parallelizable for a single-point computation. On the contrary, the FE methods can easily be parallelized and could also take full advantage of the increasing computing power. As a result, integral formulation reduced their applicability over time, which explains the fact that most articles related to analytic field calculation are more than 35 years old. In fact, it is nearly a forgotten chapter of magnetic-field analysis. As a result, the hidden potential for significant improvements has been historically overlooked.
In a series of six publications, Urankar [7] - [12] presented the analytic formulations to obtain the H-field and A-field for straight and arched conductors with various cross sections. Danilov and Ianovici [13] , [14] presented analytic formulas for the H-field of a closed arched current-carrying conductor, which are identical up to a sign function to the particular case presented in [7] . Unfortunately, these publications lack validation of their formulations. Later, the analytic formulations for the H-field were compared with the results of a volume integral method (VIM) [15] . The equations generate the values that slightly differ from the ones presented in [7] and with significant differences to the values obtained by the VIM. This may be a reason of their rather low use in the scientific community. In fact, no publications reported any validation of the A-field formulas presented in [7] . The A-field has a couple of practical applications. In the context of coil design (supra-conductive or not), the A-field can be used to obtain the inductance in a more straightforward way than using the magnetic energy and a volume integral. In the context of time-evolutive field simulation, the A-field is a key variable to obtain the induced voltage from which one can deduce, e.g., the circulating current in the Roebel bar of an electrical machine. In addition, it can be used to calculate 3-D eddy currents [16] or, more generally speaking, couple an analytical 3-D winding overhang (or edge-field) model with a classical 2-D FE model, to make the best use of the advantages of both methods.
In order to achieve low computational costs in the calculation, one has to rely on precise and fast algorithms to evaluate them. Urankar and Henninger [17] and Urankar et al. [18] identified this issue and proposed the solutions to increase the computational speed. In addition, Fukushima [6] , [19] - [24] made a breakthrough in the calculation of elliptic integral proposed in a series of articles where novel approaches and algorithms reduced the computation time by at least one order of magnitude compared to former methods developed by Bulirsch or Carlson ( [6] and [19] - [24] use their foundations). Incorporating this achievement, the computation time is no longer the limiting factor to the practical implementation of analytic formulations. However, significant numerical discrepancies as shown in [15] are still an issue, which are the main objective of this article.
In this article, a generic problem is a showcase to represent a wide range of applications, as described in the beginning of this section. In this article, improved analytic formulas for the H-field and A-field are derived starting from the expressions presented in [7] . The analytic expressions for the H-field and the A-field are inherently precise. In addition, they also provide the H-fields' contribution of each element of a complex geometry. From [7] , this article develops improved expressions for the B-field and the A-field for an arched current-carrying conductor with a rectangular cross section (see Fig. 1 ) as the analytic formulas developed in [7] appear to have some integration errors (refer to the errors presented in Table IV ). To correct them, a novel analytic development of the complete set of equations has been carried out. These novel expressions are validated using FE simulations and assessed against the work of Fontana [15] as a benchmark. The novel expressions for the A-field are compared with a numerical integration performed with the MATLAB numerical environment. Practical implementation of these improved formulas makes an extensive use of the elliptic integral calculation algorithms developed in [6] - [24] , which reduces the calculation time by at least one order of magnitude.
This article is organized as follows. In Section III, the basic integrals for the generic problem are presented. Furthermore, the novel expressions are derived in Section IV. In Section V, the expressions are evaluated in a generalized case study. Finally, Section VI concludes this article and offers a view on future perspectives and open issues. Fig. 1 shows a schematic of an arched current-carrying conductor with rectangular cross section where the nomenclature presented in Section I is used. The integral equations for the vector potential A( r) and the magnetic-flux density B( r) are obtained from the law of Biot-Savart applied to a known constant current density J = j e φ over a rectangular cross section. They are given by
II. BASIC INTEGRALS
where j is the known uniform current density expressed in amperes per square meter, e φ = − sin(φ) e r + cos(φ) e ϕ is the unit vector in tangential direction of the local (or source) cylindrical coordinate system (r , φ , z ), the global one being (r, ϕ, z), φ is the integral over the tangential coordinate φ of the local (or source) cylindrical coordinate system, r z is the surface integral over the radial and axial coordinates r and z of the local (or source) cylindrical coordinate system, #» r is the vector to the point where the potential vector ( A-field), respectively, magnetic-flux density ( B-field) is calculated, #» r is a vector pointing to a source point located in the volume to be integrated and defined by [r 1 , Fig. 1 ), and μ 0 is the permeability of the vacuum (4π10 −7 N/A 2 ; refer to Section I for the definition of the variables used in this article).
The constant current density hypothesis has been assumed as it is a common practice for this kind of problems and is widely used in the literature (see [1] , [3] , [7] - [10] , [28] - [32] ) covering a wide range of applications from integral field calculation, to analytic inductance calculations passing through design optimization of end windings or large superconducting coils. The second reason lies in its intrinsic simplicity. The hypothesis can easily model any current density by changing the current passing through each conductor with a rectangular cross section and by adjusting adequately the cross section and intrinsic current density of each conductor.
III. NOVEL ANALYTIC EXPRESSIONS
This section derives the novel analytical formulations proposed in this article. In Section I, general expressions of the A-field and the B-field are prepared. Sections III-A-III-E derive the improved formulations step by step in detail.
Analytic expression has already been formulated with elliptic integrals [7] . In fact, it is possible to obtain a reduced expression without elliptic integrals, i.e., first integrate over the angle φ and then over the other variables (r and z ). In (1), denominator | r − r | is replaced by D(φ), clearly defined by (9) . In fact, D(φ) is also a function of z and r , but it will not be formulated explicitly to remain consistent with the notation defined in [7] . Using the nomenclature defined in Section I and the framework outlined in (8)-(13), the analytic derivations are made. Integrating over φ (integration by substitution), then over r , and finally over z , one obtains finally
where a = r − r cos(φ), b = r sin(φ), and φ are spanning over [ϕ 1 − ϕ, ϕ 2 − ϕ]. Note that −ϕ will be left out from all of the following equations to formulate "lighter" equations, where it will be understood as implicit. The formula derived in (3) is verified using an analytic integration software (such as Mathematica) and will therefore be assumed as a premise in Sections III-A-III-E.
The formulation of A ϕ will be expressed hereafter without the factor μ 0 j/4π (compressed formulation). In the derivation of A ϕ , the integration over the variables r and z is straightforward and the obtained expression has already been reported [7] and they are recalled hereafter. The expression for the tangential component of the A-field presented [7] contained errors, and it was not possible to correct them. On the contrary, as stated in [7] , there is no need for a double integration by parts. The novel expression can be derived using a single integration by parts obtaining the novel expression for the A-field. Recalling [7, eq. (3.b)] leads to
The formulation of the B-field will also be normalized hereafter by μ 0 j/4π. In this context, the same errors in the formulas are considered and a single integration by parts can be made. The radial component can also be computed without any elliptic integrals. The proposed novel expression can be derived using a single integration by parts. It follows accordingly that the expression to be integrated yields:
where the nomenclature and variables (namely B, D, G, β 1 , β 2 , and β 3 ) defined in [7] and the following variables have been partially utilized in Section I:
where γ have been defined in Section I. The integrals transformed along the tangential coordinate into elliptic integrals using the same angle transformation as in [7] yield
The elliptic integral coefficients are given by
Using these constants, the angle transformation will derive the following expressions:
In dealing with G(φ), the expression expressed in terms
with
Finally, integration over the angle φ achieves the improved analytic expressions. It has been decided to integrate the expressions only once per part, which is the main difference with the expressions presented in [7] . To obtain compact expressions, one uses extensively the formulas for the sine and cosine of the double of the argument. For A r and H ϕ , the improved solutions do not contain any elliptic integrals due to a first integration over φ followed by integration over r and then z . To obtain expressions without any elliptic integrals, one has to use integration by substitution, substituting −2 rr cos(φ) by x.
In Sections III-A-III-E, improved formulations of the angular A-field (A ϕ ), the angular H-field (H ϕ ), the radial H-field (H r ), and the axial H-field (H z ) will be derived. Finally, the numerical computation algorithms will be summarized.
A. Improved Formulation of the Angular Vector Potential A ϕ
Equation (4) is divided into four integrals, which will be integrated using a single integration by parts, yielding
where
1) Integral I 1 of A ϕ : The integral I 1 is transformed into an elliptical integral and solved to obtain
where F (α, k) is the first-order elliptic integral and E(α, k) is the second-order elliptic integral, k is given by (15) , and a is defined in (16) .
2) Integral I 2 of A ϕ : Applying a similar transformation for the integral I 2 yields
The first integral (I 2a ) will be solved numerically, as no analytic expression can be found for it. For the second part, integration by parts leads to
To further simplify, I 2b2 is divided into two parts
and
The final results for the integrals of (31) and (32) can be found using [33] .
3) Integral I 3 of A ϕ : The third integral will be decomposed in two parts
Furthermore, integration by parts yields
for I 3b1 . This integral can be transformed into an elliptic integral
Applying the same methodology for the second integral I 3b2 , one obtains
For the first part of the integral (I 3b21 ), please refer to the treatment of integral I 3b1 . For the second part, integration by parts leads to
The final integral X of (37) can be expressed in the form of elliptic integrals
which can be solved using the formulas provided in [33] . 4) Integral I 4 of A ϕ : For I 4 , integration by parts yields
The following integrals can be defined:
They can be transformed into elliptic integrals using transformation cos(φ) = −(1 − 2 sin(α) 2 ), yielding
B. Improved Formulation of Radial Magnetic Field (H r )
Starting with the expression for H r leads to
The integration of the expression for H r1 is already done in the expression I 1 for A φ . For the integration of H r2 , it is similar to the integration of I 2 for A φ .
C. Improved Formulation of Angular Magnetic Field (H ϕ )
The integration for H ϕ is done in a similar way as for A r . Integrating first over φ (integration by substitution), then over z , and finally over r , it leads to
D. Improved Formulation of Axial Magnetic Field (H z )
For H z , the following integrals need to be calculated:
As the first integral (H z1 ) has no analytic expression, it will be evaluated numerically. For H z2 , using integration by parts leads to
The remaining integral Y of (52) will be transformed into an elliptic integral
These elliptic integrals can be solved using the formulas of [33] . Finally, for H z3
The solution can be separated into three parts where
The integral parts are transformed into elliptic integrals, yielding
The solution of H z32 yields
In fact, these elliptic integrals can be solved using the formulas in [33] . Regarding H z33 , the transformation into elliptic integrals leads to
Accordingly, these elliptic integrals can also be solved from known methodology [33] .
E. Numerical Computation of the Novel Expressions
The numerical evaluation of the novel expression is based on the numerical computational algorithms developed by Fukushima to compute the Jacobi elliptic functions. Table I gives an overview of the practical computation algorithms used in this article.
IV. VALIDATION OF THE NOVEL FORMULATIONS
A suitable TEAM-problem was not identified for a coil geometry in air with relevant benchmark values for the H-field and/or A-field. As a consequence, this article follows a similar approach, as presented in [35] . The validation of the novel equations is carried out in two separate validation studies, that is 1) the magnetic field ( H-field); 2) the magnetic vector potential ( A-field). 
is utilized as a performance measure. The 3-D FE simulations have been performed using an A-V formulation with a tetrahedron mesh of the second-order (in terms of the H-field). We also performed comparative simulation using an H-φ formulation with a second-order tetrahedron H-field mesh, which showed no significant discrepancy against the A-V formulation. We, therefore, concluded that the choice of the formulation has no significant impact on the precision of the numerical results. The results displayed later on are based on an A-V formulation simulation, which are obtained with a converging solution. The mesh density is incrementally increased until the final value is settled for the 5-7 digits precision, whereas each simulation converged using the "classical" minimum residual energy criterion (i.e., Gibbs free energy). Note that the impact of edge or node elements was not significant. For the B-field, it has been verified that the 3-D FE solution is locally divergence-free, whereas the analytical solution is divergence-free per construction and the Laplacian of the A-field is constant [14] . As a result, the first validation criteria for the H-field and the A-field are fulfilled. This is a necessary condition, but not an entirely conclusive condition.
In Section IV-A, the proposed H-field calculation is compared with the 3-D FE simulations. In addition, Section IV-B compares the performance of the proposed formulation with the results of Fontana [15] . The A-field is validated in Section IV-C, where the novel formulation for A φ is compared to a numerical integration approach along the dφ-direction. Moreover, the formula for A r was validated using a symbolic calculation software (in the Mathematica environment) and further cross-checked with manual integration. In fact, no 3-D FE calculation was performed due to the lack of computational power available in the laboratory. Fig. 1 ), and the corresponding numerical values are given in Table II . 
GEOMETRY OF A LARGE ELECTRICAL MACHINE INVESTIGATED

A. Validation of the H-Field Using 3-D FE Simulations
This section presents a case study of a large generic coil composed of four-arched current-carrying conductors (see Fig. 1 ) corresponding to the four corners of the coil represented in Fig. 2 and four straight conductors with analytic expression for the H-field reported in [7] . The segments of the coil geometry represent the elements of a simplified endwinding geometry of a large electrical machine, without any claim to represent a particular practical application of this geometry. The geometry considered is shown in Fig. 2 with specifications provided in Table II . Targeted validation paths are chosen, and they are provided in the Appendix (see Fig. 7 ).
Analytical B-field results (in tesla) are shown in Fig. 3 along a couple of specified paths. The field curves are assessed against 3-D FE results, which are in good agreement. Note that the H-field and the B-field are related via the μ 0 -constant in the given case. More evaluation paths are covered in the Appendix.
The accuracy of the results in Fig. 3 is evaluated in Fig. 4 with respect to the final 3-D FE results. The absolute difference is shown to be very small over all the evaluated paths, fluctuating between 10 −6 and 10 −12 T, depending on the chosen path. The overall agreement demonstrates the significant precision of the proposed novel formulations. In general, it is not Fig. 3 . B-field (analytic calculation) along the different paths, defined in the Appendix and shown in Fig. 7 for the geometry defined in Fig. 2 using the numerical values given in Table II . Fig. 4 . Relative difference between the analytic and 3-D FE expressions and 3-D FE along the different paths, defined in the Appendix and shown in Fig. 7 for the geometry defined in Fig. 2 using the numerical values given in Table II. possible to draw conclusions from the error variation since the mesh density is not constant over the 3-D FE volume. However, it is worth noting that the error is generally reduced by at least one order of magnitude for B x and B y along Diag compared to B z along Diag. The error is quasi-identical for B z along Oz and Diag over a path length spanning from 0.2 to 1.8 m. The magnitude of the B-field lies between 0.05 and 0.6 T depending on the considered path. In general, the overall mean values highlighted in Table III support the  already mentioned observations. Two normalized errors could be highlighted. Expressed in percentage, the mean value 1 becomes 3.0622e−05% for B z along Oz and 5.4214e−05% for B z along Diag. The normalized errors are very small, which demonstrates the excellent accuracy of the novel formulations for a scalable problem. 
B. Benchmark of the H-Field Formulas With Fontana [15]
From a previous study [15] , the analytic expressions of [7] was compared with a numerical quadrature. However, this article provides both novel expressions that are also assessed against 3-D FE results.
For the sake of fairness with respect to earlier studies, this case study selects 23 conventionally defined observation points (based on [15] ) where the magnitude of the H-field is computed. These points are shown in Fig. 5 and further specified in Table IV . In addition to the magnitude, the three components are also given in Table IV for both 3-D FE results and formulas proposed in this article.
The H-field magnitude is expected to be the same for all points A i , B i , C i , F i , G i , H i , and I i by the construction of the same geometry. In general, this is the case for both "Fontana, Urankar" and the analytic developments presented in this article for all the points. However, the points F i and G i are located at a line singularity (bold values in Table IV ). As a result, the error is significantly higher for these points due to their location. It is advised that the integral that computes these points should be carefully modified to take the singularity into account.
It should be highlighted that for all the observation points, the difference between our results and 3-D FE results is significantly lower than what is predicted by Fontana, confirming the excellent precision of the developed formulations.
The values generated from the finite volume method ("Fontana Fin. Vol.") and numerical evaluation of Urankar's equation ("Fontana, Urankar") have the biggest difference to the 3-D FE simulation. The magnitude is different for every point in the finite volume calculation, while there are two series of distinct values in the numerical evaluation of Urankar's equation. An increased number of volume elements will make the numerical values to reach the values of the 3-D FE simulation. One possible explanation is the fact that the numerical integration of Urankar's equation is not done with a sufficiently small integration step so that a relevant error is still present.
For point O, there seems to be a problem with the H-field computed using "Fontana Fin. Vol. 39078" or "Fontana, Urankar" as they both show an amplitude of 0 [A/m], which is physically impossible, as the H-field must have a non-zero component along the z-axis at the origin (as stated in [7] ).
The last six columns of Table IV present a more detailed comparison between "this work" and "3-D FE." The goal is to show which component of the H-field is impacted by the line singularity. It is perceived that the x-component Fig. 5 , results with 5-7 significant digits. The error of "this work" is equal to or less than 10 −6 for points B 1 , B 2 , B 3 , C 1 , C 2 , D, E, H 1 , H 2 , I 1 , and I 2 .
(or r-component in cylindrical coordinates) is the only component impacted by this singularity. As a result, possible corrections are to be considered for this component only. Fig. 6 presents graphically the results of the first four columns of Table IV . The equations developed in this article have no difference compared to the final FE values (with 5-7 significant digits), which demonstrates the significant gain in numerical precision of this analytical development. TO φ 2 = 0.788860896633405, FROM r 1 = 0.5 TO r 2 = 1.5, AND FROM z 1 = 0 TO z 2 = 1.0
The error of the actual formulation lies between 0.1% and 5% depending on the considered point, while it is lower than 6.8e−4% for the novel formulation. It is perceived that the upper expectation in improvement is as high as four orders of magnitude (H1 and H2).
C. Validation of the A-Field Using Numerical Integration
Finally, the analytic expressions for the A-field in the tangential direction have been compared the results of numerical integration carried out in the MATLAB environment. Table V reveals a relative error of 4.625, where is the doubleprecision machine tolerance (i.e., 2.220446049250313e−16). Consequently, this finding confirms the effectiveness of the improved analytic expressions.
In fact, a contribution that numerically integrated Urankars' expressions [7] reported significant discrepancies with the numerical integration in this article, as well as the novel analytic expressions. Unfortunately, it was not possible to follow the complete development of the benchmark expressions [7] . Therefore, it is not possible to detect possible errors in the benchmark expressions or possible errors in our interpretation of the expressions [7] .
V. CONCLUSION
This article demonstrates the utility of an improved 3-D integral magnetic field computation method of the H-field and the A-field. In our case study, we show the superiority of the proposed analytic formulations in comparison with alternative approaches (see [7] - [12] ). Moreover, it has been validated and assessed in a commercial 3-D FE environment. As a general rule of thumb, it must be highlighted that the novel expressions for the H-field reduce the error on average by more than three orders of magnitude compared to the existing literature (see Fig. 6 ). In addition, the expressions for the A-field have been validated against numerical integration, and they present an error below ten times machine precision. The numerical speedup is achieved utilizing the algorithms developed by Fukushima.
Combining both advancements, i.e., the novel equations and Fukushima's algorithms, this article enables enhanced formulations of the analytic equations. In fact, they deploy their biggest advantage compared to the 3-D FE method, namely the fact that the individual contributions of each current-carrying segment can be easily identified. As a result, this article provides huge advantages in dealing with complex electromagnetic optimization problems. Moreover, the "ondemand" calculation provides the field quantities only at the needed locations, thus reducing the computational needs in obtaining any given result.
In a future research effort, the contribution of each currentcarrying segment will be further investigated and the work will consider the numerical error induced by the singularities. (74)
The validation paths are shown in Fig. 7 .
